Rock mechanics and rock engineering projects require determining, among other parameters, the uniaxial compressive strength (UCS) of rock. For such a purpose, it is not uncommon to perform ultrasonic pulse laboratory tests. Many researchers have found experimental relationships between strength and P-wave velocity, but these relationships are based mainly on dry conditions and without considering any other physical or chemical characteristics of the studied rock. Specifically, for limestone, there are 11 correlations reported in the literature, eight of which are simple and the remaining three are multiple, and, among the latter, only two of them consider the saturation. In order to evaluate the combined effect of P-wave velocity, density, and porosity on the UCS of saturated limestone, simple and multiple regression analyses were carried out on the test results of 13 saturated limestone specimens to determine the parameters of both previously mentioned predictive models. The results showed that density is not correlated with strength.
Introduction
Rock mechanics and rock engineering projects require obtaining the physicochemical properties of rocks. Uniaxial compressive strength (UCS) is, perhaps, the most important parameter for mechanically characterizing a rock or rock mass [1] [2] [3] . Other parameters, such as the elastic (static and dynamic) ones, are also required as indicators of the stress-strain behavior of rocks and rock masses.
UCS is mainly obtained in laboratories by means of destructive tests carried out on cylindrical specimens and is standardized by test methods [4, 5] or suggested methods [6] . Since the preparation of the specimens needed to achieve the required specifications is time (and money)-consuming, some researchers have been developing empirical relationships between ultrasonic wave velocity and UCS results in order to predict strength and deformability parameters. P-wave velocity (v p ) and S-wave velocity (v s ) are easily obtained in a laboratory by means of a nondestructive test based on ultrasonic pulses that is currently only standardized by a suggested method of the International Society for Rock Mechanics and Rock Engineering (ISRM) [33] . Beginning from v p and v s , the dynamic elastic modulus (E dyn ) and dynamic Poisson's ratio (ν dyn ) can be obtained [33] , but these velocities are related to more physical and mechanical properties of rocks. In this sense, a good number of authors have studied the relationship between v p and density (ρ) [7] [8] [9] , porosity (n) [10] [11] [12] , pore water content [13] [14] [15] [16] , content on clayey minerals inside the pores [17, 18] , UCS with different degrees of saturation (S r ) [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , and the static elastic modulus (E st ) [29, 30] . In addition, the relationship of the geometry of the tested specimen with v p has been studied, both on the diameter (D) [31] and height (H) [32] of the specimen. Table 1 shows the equations obtained by other authors, all of which are simple correlations (UCS only depends on v p ) and only one of them considers saturating the specimen [18] , so the combined effect of v p , ρ, and n is not considered in the UCS results. Table 2 shows the equations obtained by authors who addressed correlations not only with v p , but also with other parameters. In this sense, Jamshidi et al. [28] considered the combined effect of v p , ρ, and n, and Karakul and Ulusay [18] considered v p , S r , and the effective clay content (ECC). The aim of this study was to statistically analyze the combined effect of v p , ρ, and n on the UCS of cylindrical specimens of saturated limestone. Up to here, all the known correlations between v p and UCS have been presented in a general view. In the following paragraphs, the studies on and correlations between v p and UCS for limestone are discussed in detail.
Kahraman [21] studied the UCS of 48 different rocks (sedimentary, igneous, and metamorphic), 10 of which were limestones coming from different sites in Turkey. v p was measured in 27 parallelepiped blocks of 13 × 20 × 12 cm 3 , and seven of the rocks were limestone with a v p between 4.1 and 5.5 km·s −1 . The obtained Equation (1) is a potential equation with R 2 = 0.69.
Yasar and Erdogan [22] studied the effect of v p , ρ, and E st on UCS but as simple regressions (one parameter at a time). They studied carbonate rocks from different places in Turkey. v p was measured in three cubes of unknown dimensions, and in five cylindrical specimens (42 mm in diameter and 105 mm in length). The results showed v p minimum and maximum values of 2.9 and 5.6 km·s −1 , respectively. The linear correlation (Equation (2)) obtained by the authors was based on average values of four different limestones, obtaining R 2 = 0.80.
Kiliç and Teymen [25] collected 19 rock samples from Southern Anatolia (Turkey). Ten of them were igneous (seven were volcanic), two of them were metamorphic, and the remaining seven were sedimentary. Among the latter, there was a limestone. This limestone was studied by means of three cylindrical specimens (42 mm in diameter and 85 mm in length) and the mean resulting v p was 5.840 km·s −1 . The authors obtained Equation (3) with R 2 = 0.94.
Yagiz [26] tested 10 specimens of nine different rocks (three of them were limestones) collected in Turkey. The author did not show the geometry of the specimens, but v p values were reported for each kind of rock. For the studied limestones, v p was between 3.8 and 5.0 km·s −1 . The author obtained a potential Equation (4) with R 2 = 0.85.
Altindag [34] studied nine different rocks, among which there were 54 limestone specimens with an average value of v p = 5.05 km·s −1 . The authors did not provide information on the dimensions of the specimens but obtained another potential Equation (5).
Sarkar et al. [35] tested 44 specimens of 13 different rocks. From these 44 specimens, 10 were limestone, but the specimen dimensions were not reported. The average v p value for the limestone was 3.128 km·s −1 . They obtained a nice linear correlation (Equation (6)) with a quite good R 2 = 0.93. Karakul and Ulusay [18] tested 14 different rocks (nine sedimentary, three volcanic, and two volcano-sedimentary). The authors studied two different diameters-NX (54.7 mm) and NQ (47.6 mm)-with a height-to-diameter ratio between 2.5 and 3. The minimum and maximum v p values reported were 6.16 (dry conditions) and 6.30 (saturated conditions), respectively. The authors obtained a simple correlation between UCS and v p (Equation (7)) and a multiple correlation where they added n and ECC (Equation (9)), since the deformability and strength of rocks are directly related to the effective clay content in the rock pores.
Jamshidi et al. [28] are the only authors, to our knowledge, who obtained a correlation between UCS and v p only for limestone. The authors reported cylindrical specimens 54 mm in diameter and 135 mm in height, with an average v p value of 4.828 km·s −1 . They obtained a logarithmic relation (Equation (8)) with R 2 = 0.82, beginning from 18 cylindrical specimens. Additionally, the authors proposed two different multiple correlations. The first one related UCS with v p and ρ (Equation (10)), and the second one related UCS with v p and n (Equation (11)). All tests were performed in dry conditions (S r = 0).
Experimental Works

Specimen Preparation
The studied rock was obtained from a mine located near Antofagasta, which is the capital and largest city of the region of Antofagasta in northern Chile. The marine calcareous rock is dated in the lower cretaceous era (between the Hauterivian and Barremian ages) and is a fine limestone with a variable content of CaCO 3 between 78% and 90%.
Beginning from some rock samples obtained in the mine, 13 cylindrical specimens (30.9 mm in diameter and a length-to-diameter ratio of 2.1 [4] ) were obtained in order to perform UCS tests. Geometry requirements of the specimens [5] were achieved by means of careful drilling and a grinding machine. All the specimens showed no visible discontinuities and were tested in order to obtain density, porosity, ultrasonic velocity, and uniaxial compressive strength, following the current standards [5, 6] . The results of these tests are shown in Table 3 . 
Density and Porosity Tests
The 13 specimens were tested following the suggested method of the ISRM [6] in order to determine dry mass (maintained at 105 • C for 24 h) and saturated mass (submerged for 48 h). The hydrostatic scale method was used in order to calculate the total volume of the samples. Dry density (ρ dry ), saturated density (ρ sat ), and n were obtained separately by the following Equations (12)-(14):
where m dry is the dry mass (g), m sat is the saturated mass (g), m sub is the submerged mass (g), V v is the pore (void) volume (cm 3 ), V T is the bulk volume (cm 3 ), and ρ w is the water density (g·cm −3 ).
The mean values of ρ dry , ρ sat , and n were 2.63 g·cm −3 , 2.65 g·cm −3 , and 2.5% respectively.
Ultrasonic Pulse Transmission Tests
The tests were carried out with a PROCEQ Pundit Lab+ apparatus. ISRM indications were followed and a direct configuration of the transducers with 54 kHz of bandwidth was used. In order to achieve correct coupling between the transducers and the specimen, a thin layer of stiffer grease was spread on the ground faces of the specimens. Specimens were saturated (S r = 1) in order to obtain maximum values of v p and v s [14, 18] , as well as the lowest UCS when effective stress was considered due to Terzaghi's law [36] , as Torok and Vásárhelyi [16] indicated for limestone.
The average primary velocity is larger for saturated conditions than for dry conditions. ∆v p was 197 m·s −1 , so it can be derived that its ECC was almost null [19] . The average v p -to-v s ratio was 1.87, which is in the 1.8-1.9 experimental range obtained by Pickett [37] for limestone. This ratio is also over 1.4, which is the minimum value (corresponding to a null Poisson's ratio) indicated by Schön [38] .
Uniaxial Compressive Strength Tests
The American Society for Testing and Materials (ASTM) standard [4] was followed to perform the tests. A fully servo-controlled 300 t press (CONTROLS 50-C52Z00 + MCC8 50-C8422/M) was used. The load velocity was fixed to 0.2 MPa·s −1 in order to achieve failure between 5 and 10 min after the test began. On average, the uniaxial compressive strength was 68.99 MPa.
Statistical Model
The effect of the independent variables on modeling UCS was studied using the optimization of the response surface methodology [39, 40] . Additionally, a quadratic model was developed and fitted to the experimental results in order to study the UCS of the limestone when varying vp, n, and ρsat.
From the uniaxial compressive strength tests, Minitab 18 software was used to investigate the linear effects, interactions, and quadratic effects of the independent variables on UCS. Experimental results were fitted firstly to a simple regression model (v p dependent). They were then fitted to a multiple regression analysis [41] (adding n and ρ sat ) using a quadratic model, considering only those variables that can explain the variability of the model and, therefore, those variables with a large statistical significance. The general expression of the experimental model is shown in Equations (15) and (16): Y = (overall constant) + (linear effects) + (interaction and curvature effects),
where x i are the independent variables v p , ρ sat , and n; b i and b ij are the coefficients; and the result Y is the UCS. The experimental data used to design the model are shown in Table 3 . R 2 , p-values, and Mallows' C p statistics, as well as the indicators of goodness of fit, indicate if a model is adequate in order to describe the dependent variable on the pertinent domain. The coefficient of determination (R 2 ) measures the total variability proportion of the dependent variable related to its average value obtained by the regression model. p-values represent statistical significance and they indicate if there is a significant relation between the response of the model and the experimental results. Mallows' C p is a measure of the precision of the model as well as the bias on the actual parameters of the regression analysis [42, 43] . Figure 1 shows the predicted UCS as obtained by using the previously mentioned equations compared to the obtained UCS in the actual uniaxial compressive strength tests. It can be readily observed that none of the equations correctly captured all the performed tests, although there were a few coincidences with Equations (1), (7) , (8), (10) , and (11) . Table 4 shows the average predicted values of UCS as well as the relative error for each of these equations. The value obtained with Equation (7) [19] showed the minimal relative error; Equation (7) is the only equation that considers saturated conditions. 
Results and Discussion
Bibliographical Correlations between UCS and v p for Limestone
Experimental Correlation between UCS and v p in This Study
Obtained v p values were correlated with obtained UCS using simple and multiple regression analyses. All test results were used to generate empirical equations able to predict limestone UCS beginning from the independent variables (v p , ρ sat , and n). Four types of function models were tested: linear, potential, exponential, and logarithmic. The equation of the best fit, R 2 , F-values, and p-values (significance) were obtained for each regression analysis.
Simple Regression Analyses
The obtained simple regression model that could predict UCS beginning from the independent variable (v p ) and fitted to the values of Table 3 is shown in Equation (17):
Based on variance analysis, the simple regression shown in Figure 2a was suitable to predict UCS. In addition, the p-value (<0.05), F-value (26.89), R 2 (70.97%), and the plot of predicted UCS versus experimental UCS (Figure 2b ) validated the model, which demonstrates the great normality of the residuals.
On the other hand, exponential Equation (18), potential Equation (19), and quadratic Equation (20) models were fitted to the results, and a better fit was obtained compared with the linear simple regression model. The statistics p-value (<0.05), F-value, R 2 , and errors also validated them ( Table 5) :
Predicted UCS values of the tested specimens were plotted against measured values. The error of each predicted value was represented as the distance to the 1:1 line. A point located in the line 1:1 indicates an exact prediction, while the points located far away from the 1:1 line represent an error. As can be observed (Figure 2b,d,f,h) , the obtained points were located surrounding the 1:1 line. Predicted UCS values of the tested specimens were plotted against measured values. The error of each predicted value was represented as the distance to the 1:1 line. A point located in the line 1:1 indicates an exact prediction, while the points located far away from the 1:1 line represent an error. As can be observed (Figure 2b,d,f,h) , the obtained points were located surrounding the 1:1 line. The checked simple regression models are shown in Figure 2 . The quadratic solution (Figure 2g,h) is the analytical model that provided the best fit (goodness-of-fit statistics of all the models are shown in Table 5 ). On the other hand, the worst fit was obtained by the simple linear regression model (Figure 2a,b) , followed by the potential (Figure 2c,d ) and the exponential (Figure  2e ,f) models.
Although the simple regression analyses (including exponential and potential models by means of logarithmic transformation) obtained high coefficients of determination, these analytical models only considered one independent variable. The inclusion of other independent variables (through multiple regression analysis) has the potential of obtaining a better fit and reducing the variability of the results. The checked simple regression models are shown in Figure 2 . The quadratic solution (Figure 2g,h) is the analytical model that provided the best fit (goodness-of-fit statistics of all the models are shown in Table 5 ). On the other hand, the worst fit was obtained by the simple linear regression model (Figure 2a,b) , followed by the potential (Figure 2c,d ) and the exponential (Figure 2e ,f) models. Although the simple regression analyses (including exponential and potential models by means of logarithmic transformation) obtained high coefficients of determination, these analytical models only considered one independent variable. The inclusion of other independent variables (through multiple regression analysis) has the potential of obtaining a better fit and reducing the variability of the results.
Multiple Regression Analyses
Results of the multiple regression analyses through ANOVA showed that there was no significant effect of the saturated density ρ sat in the UCS results (p > 0.05), considering both linear and quadratic models or derived from the interactions with the remaining independent variables. On the other hand, the linear effects and interaction of v p and n contributed greatly to explaining the experimental model. Then, after eliminating nonsignificant coefficients, two models were generated to predict the UCS over the range of sampled experimental conditions presented in Equations (21) and (22):
The ANOVA test of the models adjusted in Equations (21) and (22) was suitable for representing UCS under the range of sampled parameters. There was no lack of fit of the models, and the values of R 2 (0.8228) for the multiple regression and R 2 (0.8490) for the exponential model validated it. The ANOVA showed that the indicated factors influenced the UCS because of F regression (23.21) and F exponential (28.12) > F Theoretical (F 2,9 = 3.8625) at a 95% confidence level. Additionally, the p-values of both models ( Table 5 ) indicated that they were statistically significant, while the Mallows' C p statistic indicated that the adjusted models were relatively accurate and did not show bias in the estimation of the true regression coefficients. Figure 3a shows that the UCS increased linearly for larger values of v p and lower values of n. In addition, a lower UCS was attained for large levels of n and low values of v p . Figure 3b shows that there was an exponential decrease of the UCS when increasing porosity and an exponential increase of UCS when increasing v p . Therefore, considering the goodness parameters of both fits, the potential model Equation (22) best represented the uniaxial compressive strength under the studied conditions. The predicted Equation (22) and experimental values of UCS are compared in Figure 4 . This figure shows that the observed versus predicted data usually followed the diagonal line (1:1). The normality test determination coefficients were very high (p = 0.77), which indicates a good correlation. (Table 5) suggest that at least one of the independent variables influenced the dependent variable. On the other hand, all significance levels of the model parameters were lower than α = 0.05, so there were significant individual correlations between dependent and independent variables. Finally, the ANOVA test results suggest that the developed empirical correlation Equation (22) between UCS (dependent variable) and v p and n (independent variables) was significant.
The significance of the multiple regression model Equation (22) can be determined by examining the dispersion of the residuals of the predicted values. For such a purpose, the normal distribution (p > 0.05) was checked. As can be seen in Figure 5 , the cumulative probability of a normal distribution was compatible with the cumulative probability of the experimental distribution. Therefore, the hypothesis about the normal distribution of the results is correct. Table 5 shows the results of all the performed regression analyses and their goodness-of-fit statistics, when relating UCS (dependent variable) first with v p and then with v p and other rock parameters for the studied limestone.
Discussion
Simple regression analyses found that UCS is related to v p , and the best fit was obtained with a quadratic model (R 2 = 78.40%).
Nevertheless, it is well known that v p depends, among other physical properties, on the n, ρ, and S r of a rock, as explained in the introduction. Thus, it seemed worthwhile to attempt to obtain a better fit by incorporating some of these independent variables into the analyses. For such a task, we performed multiple regression analyses considering a full saturation level and obtained two relevant results.
First, although it has been stated that v p depends on ρ, the results showed that ρ does not have statistical significance for the predicted UCS. This may be explained by the fact that there does not seem to be a clear relationship between UCS and ρ based on the results of this study ( Table 3 ). The maximum UCS was obtained on a mean ρ specimen, whereas both maximum and minimum ρ attained UCS values between the lower ones (UCS < 60 MPa).
Second, n does have statistical significance for the predicted UCS. It is known that n affects strength, and the experimental results obtained in this study (Table 3 ) confirmed this: the largest UCS was obtained for the specimens with lowest n and the minimum UCS values were obtained for the specimens with largest n.
Furthermore, two different multiple regression models were tested, and we found that both multiple regression analyses featured better goodness-of-fit statistics than all of the simple regression analyses ( Table 5 ). This means that it is worth considering more independent variables when trying to predict UCS starting from ultrasonic pulse transmission tests.
Finally, it has to be pointed out that, despite there being many authors who have attempted to predict UCS from v p , there is still no universal equation that can explain such a relationship at the laboratory scale for intact rock. Thus, this relationship for intact rocks at the laboratory scale still needs to be investigated before trying to extrapolate results at a real scale, where discontinuities will obviously play a fundamental role in the relationship between rock mass strength and ultrasonic wave velocity.
Conclusions and Future Research
Conclusions
The combined effect of P-wave velocity (v p ), saturated density (ρ sat ), and porosity (n) on UCS was studied for saturated cylindrical specimens of limestone. Under the testing conditions, it was demonstrated that v p and n have a synergetic effect on UCS, whereas ρ sat does not have a statistically significant influence on the dependent variable.
Experimental results were analyzed through simple regression analyses in order to develop the best-fit analytical model that can represent UCS depending on v p (as developed by most authors). Subsequently, multiple regression analyses were performed in order to obtain a better model to predict UCS from v p , n, and ρ sat .
Simple regression analyses (using only v p as the independent variable) showed a best R 2 value of 78.40%. On the other hand, a multiple regression analysis resulted in a better R 2 (84.90%), thus indicating a better fit when more independent variables are considered.
Multiple regression analyses also were able to identify ρ sat as a statistically nonsignificant independent variable for predicting UCS from ultrasonic pulse transmission tests. That is, there was insufficient evidence for ρ sat contributing to variations of UCS under the tested conditions. Finally, the exponential with multiple exponent model featured the best fit when predicting UCS, showing that UCS depends directly on v p and inversely on n.
Future Research
In order to continue this line of research with limestone, we plan to incorporate a larger number of independent variables into the analysis. Such research aims to identify those variables explaining experimental UCS variability. The possible variables that will be considered are the static Young's modulus, the geometrical parameters of the cylindrical specimens (diameter and length), and the degree of saturation. New tests will be performed to try to strengthen the analytical models. 
